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1. Introduction 

The purpose in this paper is to establish pointwise estimates for a class of convex func- 
tions on the Heisenberg group. An integral estimate for classical convex functions in 
terms of the Monge-Ampere operator detZ) 2 « was proved by Aleksandrov, see [3, The- 
orem 1.4.2]. Such estimate is of great importance in the theory of weak solutions for 
the Monge-Ampere equation, and its proof revolves around the geometric features of 
the notion of normal mapping or subdifferential in R" [3, Definition 1.1.1] which yield 
in addition the useful comparison principle for Monge-Ampere measures, [3, Theorem 
1.4.6]. 

On the Heisenberg group, and more generally in Carnot groups, several notions of con- 
vexity have been introduced and compared in [2] and [4] . The notion of convex function 
we use in this paper is given in Definition 2.2, and a natural question is if similar compar- 
ison and maximum principles hold in this setting. A reason for this question is that those 
estimates would be useful in the study of solutions for nondivergence equations of the 
form dijXi Xj where a,y is a uniformly elliptic measurable matrix and Xj are the Heisen- 
berg vector fields. The difficulty for this study is the doubtful existence of a notion of 
normal mapping in H" suitable to establish maximum and comparison principles. 

In this paper we address this question and follow a route different from the one de- 
scribed above for convex functions, and in particular, we do not use any notion of normal 
mapping. This approach was recently used by Trudinger and Wang to study Hessian 
equations [6]. Our integral estimates are in terms of the following Monge-Ampere type 
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operator: defH(w) + 12 (u t ) 2 , see Definition 2.1. We first establish by means of integra- 
tion by parts a comparison principle for smooth functions, Theorem 3.1, and then extend 
this principle to "cones" Theorem 4.7. This together with the geometry in H" leads by 
iteration to the maximum principle Theorem 5.5. We next estimate the oscillation of H- 
convex functions Proposition 6.2 that permits to extend our definition of Monge-Ampere 
measure to continuous 'H-convex functions and obtain a general comparison principle 
Theorem 6.7. 

The paper is organized as follows. Section 2 contains preliminaries about H" and the 
definitions of *H -convexity. In Section 3 we prove the comparison principle for C 2 func- 
tions. Section 4 contains the proof that "cones" agreeing with 'K-convex functions u on 
the boundary are above u inside, and the comparison principle for cones Theorem 4.7. 
In Section 5 we prove a maximum principle similar to Aleksandrov's estimate aforemen- 
tioned. Finally, Section 6 contains the oscillation estimates and the construction of the 
analogue of Monge-Ampere measures for 'K-convex functions. 

2. Preliminaries and "K-convexity 

Let u = u(x, y,t);z = (x, y, t), and X = d x + 2y d t , Y = d y - 2x d t . We have [X, Y] = XY - 
YX = -4d t . If £ = (xo,yo, ^o) and £ = (x, y, t), then the non-commutative multiplication 
law in H 1 is given by 

6°? = Oo + x,y + y, t Q + t + 2(xy - y*o)), 
and we have ^ x = and (£ ° = ^ x ° fo*- The gauge in H 1 is 

p(0 = ((x 2 +y 2 ) 2 + t 2 ) 1/4 , 

and the distance 

J(^o)=P(£o 1o £>- 

We have 

(2.1) d(f,f )<dtf,0 + dtf,€o) 

for every £ , (eH 1 . Given A > we consider the dilations 

Sxig) = (Ax, Ay, A 2 t). 

Then 

For more details about H" see [5, Chapters XII and XIII]. 
2.1 . 'K-convexity. Let £ = (x , y > t a ), £ = (x, y, t) and 

g (o= mo o- 

We have 

d x g(0) = */(£,), d yg (0) = Yf({ ), d t g(0) = d t f({ (> ), 

and 

d xx g(0) = (X 2 f)({ Q ), d^g(0) = (YXmo)~2 d,f{$ ), d xt g(0) = d tx f(^)+2y Q d n f(^\ 

d yx g(0) = (XYmo)+2d t f(f ), d yy g(0) = (Y 2 fm), d yt g(0) = 3^(^-2 x d tt f(^ o ), 



MAXIMUM AND COMPARISON PRINCIPLES ON THE HEISENBERG GROUP 



3 



A = 



d tx g(0) = dnftfo) + 2 y d„f(f ), 3^(0) = dtyftfo) ~ 2 x d tt f(£ ), d„g(0) = d tt f(&). 
Let 

(X 2 f)(to) (YXf)(£o) ~ 2 d t f(&) dufih) + 2 y d tt f(f o y 
(XYfKfo) + 2 d t f(f ) (Y 2 f)(Zo) dtyfih) ~2x d tt f(f ) . 

ld tx f({ ) + 2 y 0„/(6) dtyftfo) - 2 x d tt f(f ) d„f(^) 

Then the Taylor polynomial of order two of g is 

/(&) + (Xf(f ), Yf(y ), d,ftf )) ■ £ + l -(A<;, 

= /(£,) + (Xf({ ), Yf(y )) ■ (x, y) + (X 2 f) x 2 + (XYf + YXf) xy + (Y 2 f) y 2 
+ t{ffio) + 2 f tt x + Ay f„x + (f tx + fty)y - 4x f„y}. 
That is, if (jc, y, t) e n then t = and so on this plane we have 
g{0 = /(£,) + (Xf(Z ), Yf(y )) ■ (x,y) 

+ (X 2 f) x 2 + (XYf + YXf) xy + (Y 2 f) y 2 + o(x 2 + y 2 ). 
Set B R (&) = e R 3 : d(£, ft) < R). Given ft = (*b, y , t ) e R 3 let 



n 



{(x,y, t):t-t - 2(xy - yx ) = 0}. 



That is, n^ is the plane generated by the vectors (1,0, 2y ), (0, l,-2x ) and passing 
through the point ft. Notice that if h e H 1 , then 

(2.2) f e % if and only if ft o £ e U ho?0 . 

Given ceCandue C 2 (Q), let 

x 2 « xyw + cu t 

YXu - cu t Y 2 u 



W c (u) 



and 
(2.3) 



H c (u) = det 



X 2 u XYu + cu t 
YXu - cu t Y 2 u 



Definition 2.1. The function u e C 2 (Q) is Ti-convex in Q. if the symmetric matrix 



n(u) = <h 2 (u) 

is positive semidefinite in £1 



X 2 u (XYu + YXu)/2 

(XYu + YXu)/2 Y 2 u 



Notice that the matrix "H c (w) is symmetric if and only if c = 2. Also, if l(H c (u)^, > 
for all £ e R 2 and for some c, then this quadratic form is nonnegative for all values of 
eel. 

We extend the definition of "K-convexity to continuous functions. 

Definition 2.2. The function u e C(Q) is IH-convex in Q. if there exists a sequence u^ € 
C 2 (Q) of U-convex functions in Q. such that Uk —* u uniformly on compact subsets ofQ. 

The following proposition yields equivalent definitions of 'K-convexity, see [2, Theo- 
rem 5.11] for the proof. 
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Proposition 2.3. Let u e C(Q) with Q c R 3 open*. The following are equivalent: 

(1) u is Ti-convex. 

(2) Given £o £ Q 

(2.4) u(& o S A ({ Q 1 ° #) < "(fo) + ~ "(&)), 

/or a// £ 6 n fo and < /t < 1. 

Remark 2.4. From Proposition 2.3(2) we have that if u is convex in the standard sense, 

then u is 'H-convex. However, the gauge function p(x, y, t) = {{x 2 + y 2 ) 2 + t 2 } is < H- 
convex but is not convex in the standard sense, see Proposition 4.5. 



3. Comparison Principle 

We prove the following. 

Theorem 3.1. Let u,v e C 2 (Q) such that u + v is Ti-convex in Q satisfying v = u on dQ 
and v < u in Q. Then 

J (det-HO) + 12 (d t u) 2 } dz< j [defH(v) + 12 (o>) 2 } dz, 

and 

I trace <H(u) dz < I tracery) dz. 
Jn Jn 

Proof. If Z = a i d Xl + a 2 d X2 + a 3 d Xi is a smooth vector field, then 

(3.5) I Zudx= I v z udo-(x)- I + (a 2 ) X2 + (a 3 ) X3 ) udx, 

Jn Jdci Jn 

where v = (vi, v 2 , v 3 ) is the outer unit normal to dQ and v z = a\V\ + a 2 v 2 + a 3 v 3 . 

Since v = u on <9Q, v < u in Q and both functions are smooth up to the boundary, 

D(v — u) X(v — u) 

it follows that the normal to dQ is v = - — -, and therefore v x = - : and 

\D(v-u)\ \D(v-u)\ 

Y(v-u) 

Vv = . Set 

\D(v-u)\ 



i /XY + YX \ \ 2 
S(u) = defH(w) = X 2 u Y 2 u - f( Juj 

We have 



dS(u) - dS(u) (XY + YX^ 

— = Y u; — — 

dr n Or 12 



(XY + YX\ 



8S(u) /XY + YX\ dS(u) _ ^ 2 
dr 2 \ \ 2 / dr 22 



*We assume that if £ e ^, then £ ° ^(f 1 ° £) e £2 for < i < 1 . 
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f {S(u)-S(v)}dz 
Jn 

= J J (p'(s)dzds 
Jo Jn 



= I" r | V* — ^ -(v + s(m - i>)) (XiXj)(u -v) \ dzds since 5 is symmetric 

= I'ItS x '(^ + *"" ))X ' ( """ 



- f) I - X, | ~^~( v + S ( M _ y )) | Xj(u - v) \ dzds 



= A-B. 



We have 



nr /XY + YX \ 
X [Y 2 (v + s(u - v)) X(u -v)]-Y ^ J + s(u - v)) X(u - v) 



KXY -\- YX \ 1 
J (v + s(u - v)) Y(u -v)+Y [X 2 (v + s(u - v)) Y(u - v)] dzds 

ntXY + YX\ 
v x Y 2 (v + s(u - v)) X(u - v) - v Y I (v + s(u - v)) X(u - v) 

a, V 2 / 



(XY + YX \ 
\{v + s(u - v)) Y(u - v) + v Y X 2 (v + s(u - v)) Y(u - v) dzds 

n{Y 2 (v + s(u - v)) X(u - vf 
a, 

(XY + YX\ 
j (v + s(u - v)) X(u - v) Y(u - v) 

(XY + YX\ 
j (v + s{u - v)) Y{u - v) X{u - v) 



- X 2 (v + s{u - v)) Y{u - v) 2 ) 



1 



-fj 

JO Jdi 



\D(v-u)\ 



dzds 



1 



(<H(v + s(u - v)) (X(u - v), Y(u - v)), (X(u - v), Y(u - v))) , r 
dn \D(v - u)\ 



dzds 



<0. 
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We now calculate B 



B= f f Y Xj i^-(v + s(u - v))\ Xj(u - v) dzds 

n/XY + YX\ 
X (Y 2 (v + s(u - v))j X(u -v)-X ^ J (v + s{u - v)) Y{u - v) 

(XY + YX \ 
J (v + s(u - v)) X(u -v) + Y (x 2 (v + s(u - v))) Y(u - v) dzds 

= ]- f f x(Y 2 (v + s(u - v))) X(u -v)-X(XY+ YX) (v + s(u - v)) Y(u - v) 
2 Jo Jn 

-Y(XY + YX) (v + s(u - v)) X(u - v) + Y (x 2 (v + s(u - v)j) Y(u - v) dzds 

+ ^ X X X ^ Y2{V + ~ ^ ~ V) + Y ( X2{p + S<yU ~ Y<yU ~ y) dzds 

n(XY - YX)Y(v + s(u - v)) X(u - v) - (XY - YX)X(v + s(u - v)) Y(u - v) dzds 

-^J J (x 2 Y(v + s(u - v)) Y(u -v) + Y 2 X(v + s(u - v)) X(u - vj) dzds 

+ ^ f fx (y 2 (v + s(u - v))) X(u -v) + Y (X 2 (v + s(u - v)j) Y(u - v) dzds 
2 Jo Jn 

n-2d t Y(v + s(u - v)) X(u -v) + 2d t X(v + s(u - v)) Y(u - v) dzds 

^ X X ^ xy2 ~ Y2x ^ v + s<yH ~ w)) x{u ~ v)+ (yx2 ~ x2y ^ v + s( - u ~ y)) y(w ~ y) ) dzds 



+ 



On the other hand, 



XY 2 -Y 2 X = XY 2 -YXY+YXY-Y 2 X = (XY-YX)Y+Y(XY-YX) = -Ad t Y-AYd t = -SYd t , 



and 



YX 2 -X 2 Y = YX 2 -XYX+XYX-X 2 Y = (YX-XY)X+X(YX-XY) = 4d t X+4Xd t = %Xd t . 
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Therefore 
B 



= f f -23,Y(v + s(u - v)) X(u -v) + 2d t X(v + s(u - v)) Y(u - v) dzds 
Jo Jn 

f f (-4Yd t (v + s{u - v)) X{u -v) + AXd t {v + s(u - v)) Y{u - v)) dzds 
Jo Jn 

= f f (-6Yd t (v + s(u - v)) X(u -v) + 6Xd t (v + s(u - v)) Y(u - v)) dzds 
Jo Jn 

= 6 J J d t (v + s(u - v)) YX(u - v) dzds -6 J d t (v + s(u - v)) X(u - v) vy dcr(z) ds 
Jo Jn Jo Jan 

- 6 J J d t (v + s(u - v)) XY(u - v) dzds + 61 J d t (v + s(u - v)) Y(u - v) vx dcr(z) ds 
Jo Jn Jo Jsn 

= 6 f f + s(m - u)) 7X(w - u) dzds - 6 f f d ; (t; + s(j<-y))Xy(w-f;)<feds 
Jo Jn Jo Jn 

= 6 f f 

Jo Jn 



+ s(w - u)) (FX - XY)(u - v) dzds 
+ s(u - v)) d t (u - v) dzds 



= 24 f f 

Jo Jn 

= 12 J - d) <9 ? (w + v) dzds 
Jn 

= 12 f {d t uf -{d t vfdzds. 
Jn 

This completes the proof of the theorem. 



4. Weak maximum principle 

Let A = (ciij) be a 2 x 2 symmetric matrix such that A > 0, and trace A > 0, a { j e C(D) 
where D c R 3 is an open set; X\ = X, X 2 = Y, and L = Z ;j =i a iM)XiXj. 

Theorem 4.1. Le? Q be a bounded open set in R 3 , and w e C 2 (£l). If Lw > in Q and 

lim sup^ fo w(£) < 0/or eac/i £o e <9Q, then w < in Q. 

To prove this theorem we need two lemmas. 

Lemma 4.2. Let Q. c R 3 be an open bounded set, and w e C(£l). Then there exists %q e Cl 
such that sup nnB( ^ o p) w = sup n wfor every p > 0, where B(g , p) is the Euclidean ball with 
radius p and center £ . 

Lemma 4.3. Let Q. be open and bounded. There exists a function w Q e C 2 (Q) such that 
w > and Lw < in Q. 

Proof. Let A > and choose M e R such that sup ?6f2 e Ax+Ay < M; £ = (x,y,t). Let 
wo = M - e Ax+Ay . Then w > in Q, X lWo = -Ae Ax , X 2 w = -A 2 e Ax , X 2 w Q = -Ae Ay , 
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Xjw = -A 2 e Ay , and X^Wq = X 2 X l w = 0. Hence Lw = -A 2 (a n e Ax + a 22 e Ay ) < in 
D. □ 



Proof of Theorem 4.1. First assume that Lw > in Q. By Lemma 4.2, there exists f <= Q 
such that sup nnB( ^ op) w = sup n w for every p > 0. If £ e ^> then w(£ ) = sup n w and so 
Dw(^o) = and Z) 2 w(£ ) < 0. Hence 



< Lw(go) = trace \A 
= trace (a 

= trace 



X 2 w XYw 
YXw Y 2 w 



(ft) 



x 2 w (xyw + yxw)/2 
(xyw + yxw)/2 y 2 w 



(fo) 



1 2y 
1 -2jc 





1 





D 2 w 





1 




2y 


-2x 



1 

= trace 1 
\2y -2x 

= trace (AD 2 w)(£ ) < 



1 2y 
1 -2x 



D 2 w 



(ft) 



(ft) 



since A > and D 2 w(ft) < 0. This is a contradiction. Hence £ £ <9Q and consequently 
w> < in Q. If Lw > in Q, then for each e > we set w £ = w-s w with wq as in Lemma 
4.3. We have Lw £ = Lw - sLw > and lim sup^ w E {£) < lim sup^^ w(£) < for 
each £ £ 5Q. By the previous argument, w £ < in Q. for each s > 0, and so w < 0. □ 



Let 



We have 



Y 2 u -(XYu + YXu)/2 

-(XYu + yx«)/2 X 2 u 



and 
(4.1) 



det^) = -trace(^( M )^)), 



trace (9f(u) < H(v)) = trace ( < H*(v) < H(u)). 



From Theorem 4.1 we obtain the following comparison principle. 

Proposition 4.4. Let Q c M? be an open bounded set, u,v e C 2 (£l) such that u + v is 
ff-convex, and trace YH(u + v)} > 0. IfdefH(u) > defH(v) in Q. and u < v on dQ,, then 
u < v in Q. 
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Proof. We have 



0<defHO)-det<H<» 




where w = u - v < on <9Q. Applying Theorem 4.1 to w with A = 1-i*{u + v), the 



4.1. A comparison Principle. As a consequence of Proposition 4.4 we get that "cones" 
that agreeing with an 'H-convex function u on the boundary of a ball B are above u inside 
B. 



Proposition 4.5. Let d(Z,&) = \\r o l ° £11, = (i* 2 + y 2 ) 2 + t 2 ) m , % = (x,y, t), Q = e 
R 3 : < d({j,go) < R}, and v(g) = ml — 1 . Ifm>0, then v is H-convex in Cl, 



det *H(v) = in Q, and det 'K(^) ?s integrable in CI. 

Proof. If ( e R 3 and g(# = /(£ o then Xg{& = (Xf)({ o and 7g(£) = o 0. 

Therefore we can assume that £ = 0. Let r = (x 2 + y 2 ) 2 + t 2 and /z 6 (^((O, +oo)). 
Then Xr = Ax 3 + Axy 2 + Ayt, Yr = Ayx 2 + 4v 3 - 4jtf, X 2 r = Y 2 r = 12(x 2 + y 2 ), YXr = 
At, and XYr = -At. If u(x,y,t) = h(r), then Xu = h\r)Xr, Yu = h'(r)Yr, X 2 u = 
h"{r){Xr) 2 + h'(r)X 2 r, Y 2 u = h"{r){Yr) 2 + h\r) Y 2 r, XYu = h"{r)XrYr + h'(r)XYr, 
YXu = h"{r) YrXr + h\r) YXr. Thus 

(4.2) defH(w) = 48 (x 2 + y 2 ) 2 \Arh"{r) + 3 h'(r)} h\r). 

Therefore defH(u) = if h'(r) = or Arh"(r) + 3h'(r) = 0, that is, h(r) = C or 
h(r) = r 1/4 . If h(r) = r 1/4 , then X 2 h{r) = 3 r~ 7/4 (y(x 2 + y 2 ) - xt) 2 > and Y 2 h(r) = 
3 r 7/4 (x(x 2 + y 2 ) + yt) 2 > 0, and o r 1/4 is "H-convex in R 3 \ {0}. 

On the other hand, defH(u) < Cr~ m and so f rl/4<R detH(u) dz < C f rl/4<R r~ l/2 dz = 

C f*p Q - [ p- 2 dp = CR 2 , since Q = A. □ 

Proposition 4.6. Let u e C 2 (Cl) be K-convex, with CI = e R 3 : < d(g, £ ) < R}, and 
u < on € R 3 : d(£, £ ) = R}. Then u < v, where v is defined in Proposition 4.5 with 
m = -k(£ ). 

Proof. Let s > 0, £ = Uo.yo, *oX f = (x,y, t), 



proposition follows. 



□ 



R 



u e (g) = u(£) + s(x 2 +y 2 ), 
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and 

v s ({) = -(i- VS)«(ft) ( -l 

\(1 - yfs)R 

We first claim that u £ {^) < v £ (g) for all £ e 5f2 and for all s sufficiently small. Indeed, 
if £ = £o> then w e (£o) < f e (£o) if an d on ly if ( x l + yfy ^ _ "(£o) which holds for 
all s sufficiently small. On the other hand, if d(^, £ ) = R, then v £ {i;) = - y/s w(£ ) and 
w e (£) < e (x 2 + y 2 ) < s msix dm))=R (x 2 +y 2 ) = s M. Hence w e (£) < v e (g) on d(g, ft) = ^ if 
y/sM < -w(£o) which again holds for all e sufficiently small. 
We also have 

(4.3) det<H(w e ) = defH(w) + 2e trace < H{u) + 4e 2 > = defH(v e ) 

in Q,, and trace {"H(w £ + v £ )} = trace "H(w) + 8 s + trace "K(f e ) > 0. Therefore from Propo- 
sition 4.4 we get u £ < v £ in Q, and the proposition follows letting s —> 0. 

□ 



As a consequence of these propositions we get the following extension of Theorem 3. 1 
needed in the proof of the maximum principle Theorem 5.5. 



Theorem 4.7. Let Q, = e R 3 : < < and let v e C 2 (fl R (ft)) &e K-convex 

in O. satisfying v = on dB R (^ Q ) and set u{^) = -f(^o) |— ~^T~~ ~ ^ j- 

f jdefH(w) + 12 (d,K) 2 } d£ < f (det<H(i;) + 12 (d r t;) 2 } . 
/Voo/ From Proposition 4.6 we have that v < u in 5«(ft). Let e > 0, we claim that 



{det'H(M) + 12 (<9,w) 2 } d£ 
(4.4) < f \det<H(v) + 12 (d f y) 2 } d£ + 0(s 1 ' 4 ), 

JB r (£ )\B e (£o) 

as £ — » 0. We may assume by the invariance of the vector fields that ft = 0. Since the 
functions u, v are both convex and C 2 except at 0, we proceed as in the proof of Theorem 
3.1 applied to the open set Q. £ = B R (0) \ B £ (0). The sum of the integrals I, 77, III and IV 
contains now the boundary terms 



- f Y 2 (u + v)X(u-v)^-do-({)- [ X 2 (u + v)Y(u-v)-^ dcr({) 

J<K£)=e \ Dd \ Jd<&=e \ Dd \ 

- f XY(u + v)X(u-v)^-d<r(&- [ YX(u + v)Y(u-v)^-do-($), 
Jd(o=s \Dd\ Jd(£)=s \Dd\ 



where d(ft = d(ft 0). We shall prove that each summand is 0(e 1/4 ). Each of these sum- 
mands basically have the same behaviour as e —> 0. Using the computations used in the 
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proof of Proposition 4.5, we see for example that 

r , xd 

J= Y 2 (u + v)X(u-v) — dcr( 

Jd({)= £ \Dd\ 



<C \ r u,4 (x(x 2 + y 2 ) + yt) 2 {Ax 3 + Axy 2 + Ayt) 

Jd(^)=s \Dd\ 



(4.5) <Ce nlA f 

JdU 



dcr({) 

y ) -i- yi) -i- H-xy -t- n-yi ) 



'd({)= E \Dd\ 
On the other hand, from the coarea formula 

Jo Jd(f)=.v J 

So I = C s 3 and inserting this value in (4.5) we obtain that J = 0(s l/4 ). 

J m=s \Dd\ 

Following the method of proof of Theorem 3.1 we integrate by parts once again and we 
now obtain the boundary terms 

f X(u + v)d t (u-v)^-d(T(a 
Jd&= E \Dd\ 

and 

f Y(u + v)d t (u-v)^-do-(a 
Jd(&=s \Dd\ 

These integrals can be handled as before obtaining again that they are 0(e 1/4 ). Therefore 
(4.4) holds and the theorem follows letting s —> 0. □ 

As a consequence of Proposition 4.4 we obtain that 'H-convex functions are Lipschitz 
with respect to the distance d. 

Proposition 4.8. Let Q c R 3 be an open set and u £ C(f2) 'H-convex in Q. Then for each 
ball BcD there exists a constant Cb such that \u(x) - u(y)\ < Cb d(x, y)for all x,y e B. 

Proof. We can assume that u e C 2 (Q) and let B d (xo,2R) c Q. Let y e B d (xo,R) and 
<p{x) = u(x) - u{y) + e((xi - yi) 2 + (x 2 - y 2 ) 2 ); x = (x l ,x 2 ,x 3 ), y = (yi,yi,yi), with 
x e B d (y, R). We have K{<t>+C E d(-,y)) > in B d (y, R) and <p(x) < C £ d(x, y) for d(x, y) = R 

where C £ = os ° B ^^ u + gdiam (^(*o, 2R)) ^ ^ det<H(0) > det ?/(</(•, y)) in 

R 

B d (y, R) \ {y} so by the comparison principle Proposition 4.4 we get that (p{x) < C E d(x, y) 
for x 6 B d (y,R). Letting e -> we get u(x) - u(y) < C d(x,y) for x e B d (y,R) with 

OSCg/v. 7R)U 

C = — p — and y e B d (x Q ,R). If x, y e B d (x ,R/A), then x e B d (y,R/2) and so 
R 

y e B d (x, R) and by the previous inequality we get u{y) - u(x) < C d(y, x) = C d(x, y). 
Therefore we obtain \u(x) - u(y)\ < C d(x, y) for all x, y e B d (x ,R/A). □ 
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5. Maximum Principle 

Proposition 5.1. Let u be fi-convex in ft open and bounded. Suppose u < on dQ.. Then 
u < in ft. 

Proof. Let s > and u E (x,y, t) = u(x,y, t) + s{x 2 + y 2 ). We have "H(w e ) = 'H(w) + 2eld, 
so 

defH(u e ) = defH(w) + 2s trace H{u) + As 2 . 

Since defH(e(;t 2 + v 2 )) = As 2 , we get defH^) > defK(e(^ 2 + v 2 )) in ft. Also m £ < 
e(x 2 + y 2 ) on 5ft, and trace {"K(m £ + e(x 2 + y 2 )} = trace "K(m) + 8 e > 0. The proposition 
then follows from Proposition 4.4. □ 

Proposition 5.2. Let u be IH-convex in ft open and bounded. Suppose u < on dQ. Then 
u < in ft. Moreover, if there is £ 6 Q swc/z «(£o) = then u = in ft. 



Proof. Define 



L := X 2 + Y 2 



the Kohn Laplacian on the Heisenberg group. Since u is "H-convex in ft then trace Tiu = 
Lu > 0. Hence, by the maximum principle for L, we get u < in ft. Moreover, if there 
is £o 6 such that w(£ ) = then w has a maximum at an interior point and by strong 
maximum principle for L, see [1], we get u = in ft. □ 

The following lemma will be used repeatedly in the proof of Proposition 5.4. 

Lemma 5.3. Let £ e B R (0) and £ 6 IL; n 5r(0). Le? A>0be such that 

Suppose u is < H-convex in B R (0) and u = on dB R (0). Then: 

(1) 7/"£o = (•*()> Jo. ^o) £ = (0. 0. ffow /I > 2 and 

(5.6) «(^)<^«(?o). 

1 - a 

(2) TfO < a,B < 1, a + 8 < 1, p(£ ) <aR and d(^ , £) < BR, then A > and 

(5.7) «(g)< l ~ a ~ P u{&). 

I - a 

Proof. To prove the first part of (1), if r\ = (x, y, t) e H^ , then we have that 

£o ° £i(£o 1 ° l) = ( x o + - x ), yo + A(y - y ), h + A(t - to)), 
in particular, = ((1 - A)x , (1 - A)yo, to). Hence 

R 4 = p{0 A = ((1 - A) 2 xl + (1 - A) 2 ylf + t 2 

= (l-A) 4 (xl+ylf+p^-ixl+y 2 ) 2 

<((i-A) 4 -i) (xt+ylf + R 4 , 

and so |1 - A\ > 1. Since A > 0, it follows that i > 2. 
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To prove the first part of (2) we write 

R = p(0 = p^o 1 )" 1 o 6 A (^ 1 o #) < p^" 1 ) + p(6A& ° #) 
= p(fr) + Ap(^ 1 o # = p (&) + A d(&, & 
< aR + ABR, 

, 1 -a 
and so A > . 

P 

To prove (5.6) and (5.7), by definition of we have that £ = £ ° ^l/i^) 1 ° £')• From 

(2.4) and since w(£') = 0, it follows that w(£) < |l - Thus (5.6) and (5.7) follow 

since u < in B R (0). □ 

Proposition 5.4. Le? u be fi-convex and u = on dB R (0). Given £ £ Sr(0) ?/zere exists 
a positive constant c < 1, depending on d(go, dB R (0)), such that 

u(0)<cu(Zo). 

Proof. Let ft = (•xb.yo, *o) and £ = exp(-x ^ - yoiO(?o) = (0, 0, to) e n ft . We obviously 

have that d(gi,go) = yjxl + Jo ^ £o) < ^- Applying Lemma 5.3(1) with ft ^» £o and 
^^we get that 

(5.8) u(^) < l -u{^). 

We shall prove that there exists a constant C\ > depending only of the distance from 
f i to 55 s (0) such that 

(5.9) ii(0) < Ci n(ft). 

To prove (5.9) we may assume %\ + 0, and consider two cases. 
Case 1. d(jtj u 0) = \t \ l/2 <R/2. 

If to > 0, define cr = and put 
ft = exp(crX)ft = (cr, 0, t ), 

ft = exp(cry)^ 2 = (cr, cr, - 2cr 2 ), 

ft = exp(-crX)ft = (0, cr, f„ - 2cr 2 - 2cr 2 ) = (0, cr, - 4cr 2 ) = (0, cr, 0). 
By our choice of cr we have 

exp(-cry)£ 4 = (0, 0, t - Act 2 ) = 0. 

Let us remark that 

o-= l -d{t u Q>)<RI4. 

We have 

</(ft,ft) = J(ft,ft) = J(ft,ft) = cr; 

p(ft) = 17 1/4 cr; p(ft) = 8 1/4 cr; p(ft) = cr. 
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Hence £ 2 >£3>£i <= B R . Applying Lemma 5.3(2) with £ ^ %u % £2, ct = 1/2, and 
fi = 1/4 we get that 

Next, applying Lemma 5.3(2) with £ €2, £ ™* £3, a = 17 1/4 /4, and /3 = 1/4, we get 
that 

3 - 17 1/4 3 

K(6) < 4 _ 17 i/ 4 < g M ^2>- 

Applying once again Lemma 5.3(2) now with £ ^ £3 and g ^ a = 8 1/4 /4, /? = 1/4, 
we get that 

3-8 1/4 1 

K(&) < 4 _ gl/4 < ^ 

Define 

and choose A > such that £ (4) 6 Applying Lemma 5.3(2) now with f ^ £4 and 
£ -w> 0, a = 1/4,0 = 1/4, we get that 

k(0) < ^ 11(^4). 

This completes the proof of (5.9) for f > 0. 
If f < 0, define cr = and put 

£> = exp(cry)^i = (0, cr, ?(,), 

£3 = exp(crX)^ 2 = (cr, cr, ft + 2(T 2 ), 

£4 = exp(-cry)^ = (CT, 0, + 4cr 2 ). 

By our choice of cr we have 

exp(-a-X)^ = (0, 0, to + 4cr 2 ) = 0. 

Then, arguing as in case t > 0, we get (5.9). 
Case 2. R/2 < </(fi,0) = \t \ m < R. 
Define 

(5.10) d := — = — . 

V6 V6 

Obviously d 2 < R 2 /S. It is not restrictive to assume t > 0. We first prove that there exists 
a universal constant < C 2 < 1 such that 

(5.11) u(0,0,t -4d 2 ) < C 2 u(gi). 
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Let 

ft =(0,<U ) 

ft = exp(<iX)(ft) = (d,<Uo) 
{ 3 =exp(dY)(t 2 ) = (d,d,t -2d 2 ) 
ft = exp(-dX)(ft) = (0, d, t - Ad 2 ) 
£ = exp(-jy)(£ 4 ) = (0, 0, ; - 4 A 
We have ft +1 e EL. for i = 1, 2, 3, 4. Let 

g> = exp(AdX)(^) = (M 0, fo) = ft o SA^ 1 o ft), 
with i > such that £ e % n Then 

7? 4 = P {ff) = A 4 d 4 + t 2 = A 4 d 4 + (R 2 - 6d 2 ) 2 = (A 4 + 36)d 4 + R 4 - \2d 2 R 2 , 

and so 

\2R 2 = (A 4 + 36)d 2 < (A 4 + 36)tf 2 /8 
which yields A > 2. Hence, 

u(ft) < (l/2)u(ft). 

We have 

p(£ 2 ) 4 = d 4 + tl = d 4 + (R 2 - 6d 2 ) 2 



< </-(37/8 - i 2 )/?- + ir = I - [ — - 12 1 + 1 1 tf 4 < R\ 



and 



If 



37d +R 4 - \2R d = d\31d l - \2R l ) + R 

'1(31 
M 8 



d(ft,ft) = d<^-R. 

V8 



= exp(^/F)(ft) = (J, M ? - 2A? 2 ) = ft o ^(£ 2 2 o £,) 
and we pick A > such that £ 2 € n^ 2 n d-B^, then applying Lemma 5.3(2) with ft ^ ft, 

£ -vv> ft, a = ^ - 12) + 1, and /? = we get that 



8\8 / " V8 

V8-^5-l 1 

u(ft) < F — ;p- w(ft) < - n(ft). 

V8- ^5 5 

Next, 

p(ft) 4 = (2d 2 ) 2 + (t - 2d 2 ) 2 = Ad 4 + (R 2 - Sd 2 ) 2 = 6Sd 4 - \6R 2 d 2 + R 4 
< d 2 R 2 (6S/S - 16) + R 4 < f ± (y - 16) + 1 ) R 4 < R 4 , 
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and 

d(6,6) = </<4=*. 

V8 

Let 

= exp(-^X)(ft) = ((1 - X)d, d, t - 2d 2 - 2Ad 2 ) = ft ° ^(ft" 1 o ft), 
with A > such that e <9.B« n IL; 3 . Applying Lemma 5.3(2) with ft ^ ft, £ ^ ft, 

a = )/l (t ~ 16 ) + 1 = \" andj8 = we get that 

w(ft) < ^w(ft). 

We have 

p(ft) 4 = J 4 + (? - 4J 2 ) 2 = J 4 + (# 2 - 10J 2 ) 2 = 101J 4 + R A - 20R 2 d 2 
= (\0\d 2 - 20R 2 )d 2 +R 4 < (101/8 - 2Q)R 2 d 2 + R 4 
1/101 



and 



Letting 



<\-\-f-2n\,l\R 4 <R\ 



J(ft,ft) = J<^-fl. 

V8 



= exp(-^7)(ft) = (0, (1 - X)d, t - Ad 2 ) = ft o ^(ft 1 o ft) 
with A > 1 such that ^ 4) e IL; 4 C\dB R , and applying Lemma 5.3(2) with ft> ^ ft, ^ ft, 

a = A 4 /- (— - 2o) + 1 = -^L and = we get that 
\8\ 8 / V8 V8 

w(ft) < ^w(ft). 

Thus, inequality (5.11) follows. 

We now iterate the inequality (5.1 1). Let d = d (defined in 5.10), t\ = t -4dl, and in 
general 

R 2 — t 

t j+l = tj - 4 d 2 , and d 2 = — — -. 

R 2 — R 2 -tj + Ad 2 I 2\ 

We have d 2 = — = = 1 + - \ d 2 . Thus, 

;+1 6 6 \ 3) J 

t N+l =t Q -4Y j d 2 = t -4dlY j il + -\ 

j=0 7=0 v 5 > 

(5.12) =?o-( J R 2 -? )f(l + |) -l]. 
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Pick N such that 

which amounts 
(5.13) 



R 2 



N - 1 < In 



3R 2 



2 nl/lnCl+2/3) 



4(tf 2 - to) 



< N. 



We have < t^-i < • • • < h < to and it is easy to check from (5.12), the choice of /V 
and 5.10 that t N > -R 2 /A. Therefore (0,0, f,-) E B R (0) \ B R/2 (0) for < j < N - 1 and 
(0, 0, t N ) e B R/2 (0). Iterating (5. 1 1) N times, then yields 

u(0,0,t N ) <Cf M (£i)- 
Since < C\ < 1, there is y > such that C\ = e~ y , and from (5.13) we obtain 

3^2 n l/ln(l+2/3)^ 



w(0, 0, t N ) < C\ exp 



-y In 



4(fl 2 - to) 
3R 2 



4(R 2 - to) 

y/ln(l+2/3) 



Since (0, 0, t N ) e B R/2 (0), we can apply (5.9) to get u(0) < C\ u(0, 0, t N ). Consequently, 



w(0) < C\ 



MR 2 - to) 



3R 2 



y/ln(l+2/3) 



which completes the proof of (5.9) in Case 2. 

Finally, combining (5.8) and (5.9) we obtain the proposition. 

Theorem 5.5. Let u e C 2 (B R ) be "H-convex, u = on dB R . If 

u(£q) = min u, 

Br 

then there exists a positive constant c, depending on d(^o, dB R ), such that 

|«(&)l 2 < c I (det<H(w) + 12w 2 ) dz. 
Jb r 

Proof. Define 



and 



v(0 = m 



u(0) = -m 



R 



1 



We have v = u = on dB R , v is "H-convex in B R and v > u in B R . From the comparison 
principle, Theorem 4.7, we then get 

f {det-K(y) + \2v 2 } dz< \ {det<H(w) + \2u 2 } dz. 
Jb r Jb r 
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Moreover, 



^ {det-W + 12 v 2 } dz = (jj 2 ^ {det«KW, 0)) + 12 (d t d({, 0)) 2 } d£ 



with 



Let 



= c\m 2 



a = 12 f (d t d(t,0)) 2 d£ > 0. 



u(go) = minw = -mo. 

Br 



By Proposition 5.4 there exists a constant < c 2 < 1 such that 

1 

m < — m. 

c 2 



Hence, 



ml < \ m 2 < °-\ f {defH(w) + 12 u 2 } dz. 

C 2 C 2 J B R 



□ 



6. "K-Measures 

6. 1 . Oscillation estimate. In this section we prove that if u is "H-convex, we can control 
the integral of defH(w) + \2{u t ) 2 locally in terms of the oscillation of u. 

Let us start with a lemma on 'K-convex functions, which is similar to the Euclidean 
one for convex functions. 

Lemma 6.1. Ifu\,U2 e C 2 (Q) are fi-convex, and f is convex in K 2 and nondecreasing 
in each variable, then the composite function w = f{u\, ui) is H-convex. 

Proof. Assume first that / e C 2 (R 2 ), and set X 1 =X,X 2 = Y. We have 

2 



df 

X J W = h duZ X ^ 



p=l 



2 ' Q f 2 f \ 

x ^ w = Z ^7 XiX ^ + Z a^aZ XiU ^ 



P =i 



du„ du a du„ 

\ 1 q=l * ' 
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and for every h = (hi,h 2 ) e 



2 



(<H(w)h,h) = J^XiXjwhihj 



p=l 1 p,q=i i=l 7=1 

>o, 

<9 2 / 



since ( H{u p ) is non negative definite and > for p = 1, 2, and the matrix 



is non negative definite. 

If / is only continuous, then given h > let 



/,,(x) = r 2 J^(^)/(yKy, 



where <p e C°° is nonnegative vanishing outside the unit ball of R 2 , and f <p = 1. Since / 
is convex, then f h is convex and by the previous calculation wu = fh(u\, "2) is 'K-convex. 
In particular, w h satisfies Proposition 2.3 and since w h —> w uniformly on compact sets as 
h —> 0, we get that w is 'K-convex. □ 

Proposition 6.2. Let u e C 2 (Q) be <H- convex. For any compact domain Q! <m Q, there 
exists a positive constant C depending on Q! and Q. and independent ofu, such that 

(6.14) f {det'H(M) + 12(u t ) 2 } dz < C(osc n u) 2 . 



Proof. Given g e Q. let B R = B R (g ) be a J-ball of radius R and center at £ su ch that 
B R c Q. Let B aR be the concentric ball of radius crR, with < cr < 1. Without loss of 
generality we can assume £0 = 0> because the vector fields X and F are left invariant with 
respect to the group of translations. Let M = ma.x BR u, then u - M < in B R . Given e > 
we shall work with the function u-M-e < -e. In other words, by subtracting a constant, 
we may assume u < -sin B R , for each given positive constant s; s will tend to zero at the 
end of the proof. 
Define 



and 



niQ = inf u, 

Br 



Obviously v = on dB R and v = m on dBo- R . We claim that v is *H-convex in B R and 



v < m in Bcr R . Setting r = ||£|| 4 , h(r) = — — ^ — -{R A - r), and following the calculations 

(1 - cr 4 )/? 4 
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in the proof of Proposition 4.5 we get 

,2 



and 



det '//(,)= 144(x 2 +y 2 ) 2 ( (l _^ )/g4 l > 0. 



X 2 h = Y 2 h = -lltf+y 2 ) ^— > 0, 



because m is negative. Hence v is 'H-convex in B R . Since v - m = on dB^, it follows 
from Proposition 5.1 that v < mo in B aR . In particular, v < u in B aR . 

Let p e C ( ^°(R 2 ), radial with support in the Euclidean unit ball, f R2 P( x ) dx = 1, and let 



(6.15) fh(xi,x 2 ) = h p((x-y)/h) max{y 1 ,y 2 }dy 1 dy 2 . 

We have that 

(1) If Xi > x 2 , then there exists h > and a neighborhood V of (^1,^2) sucn that 
fhiyuyi) = yi for all (yi,y 2 ) e V and for all /z < /zo. 1 " 

(2) There exists a positive constant a such that = x + a h for all h > and for 
all x e R.* 



f If xi > JC2, then there exists a cube Q centered at {x\,x 2 ) such that if (zi,Zi) e g then zi > Z2- Hence 
X\ - y\ > x 2 - y 2 for all Kyi,^)! < h with h sufficiently small. Then 

fh(xi,x 2 ) =h~ 2 | p(y/h)(xi -y\)dy\dy 2 = x\ -hT 2 \ p(y/h)y 1 dyidy 2 

J\y\<h J\y\< 



J\y\<h Jb\<h 

x\-h I f 2 p(f) I yi dcr(y)dt = x\. 



"We have 



f h (x, x) = h 2 | p(y/h) max{x -yi,x-y 2 ] dy\dy 2 

J\y\<h 

= hT 2 I p(y/h) (x + max{-yi , -y 2 }) dy v dy 2 

J\y\<h 

= xi+/T 2 | p(y//z)max{-yi,-y 2 }^}'it/}'2 

J\y\<h 

= x l +hT 2 | p^/^maxfy!,^}^!^ 

J|y|</! 

= x\ + /; I p(y) max{yi , y 2 ) dyidy 2 

J|y|<l 



= xi+h I f p(f) I max{yi,y 2 }dcr(y)dt 



f t 2 P {f) f 
Jo Js 1 

= x l+ h f r 2 p(0 f lyi " y2l+yi+y2 A 
Jo Js 1 2 

= f f 2 p(f) f lyi ~ y21 rfcr(y)<ft = X! +ah. 

Jo Js 1 2 
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(3) For all h > 0, f h (-, x 2 ) is nondecreasing for each x 2 and fh(x\, •) is nondecreasing 
for each x\ . 

Define 

w h = f h (u,v). 

From Lemma 6.1 Wh is "H-convex in B R . If y e B^r then v(y) < u(y). If v(y) < u(y) then 
f h (u, v)(y) = u(y) for h sufficiently small; and if v(y) = u(y), then f h (u, v)(y) = u(y) + ah. 
Hence 

f {defH<» + \2{d t uf}dz= f {defH(w h ) + \2((w h ) t ) 2 } dz 

(6.16) < f {det«K(^) + 12((^) f ) 2 }Jz. 

Jb r 

Now notice that f h (u, v) > v in 5 S for all /z sufficiently small. In addition, w < and v = 
on 55 R so f) = on dB R . Then we can apply Theorem 3. 1 to w h and y to get 

f {det«K(w,) + 12(5^) 2 }Jz< f {det«K(f;) + 12(^) 2 }* 
JBr JBr 

\ 2 r 



This inequality combined with (6.16) yields 

{detTY(w) + 12(d f w) 2 } dz < C (m ) 2 < C (osc^w + e) 2 . 



1B&R 

The inequality (6.14) then follows letting s —> and covering II' with balls. □ 

Corollary 6.3. Letu e C 2 (Q) belH-convex. For any compact domain Q! gQ there exists 
a positive constant C, independent ofu, such that 

(6.17) f det<H(w)<fe< C(osc n w) 2 - 



Corollary 6.4. Le?w e C 2 (Q) beK- convex. For any compact domain fl'gfl there exists 
a positive constant C, independent ofu, such that 

(6.18) I trace ^(u) dz < CR 2 osc a u. 

Jn' 



6.2. Measure generated by an 'H-convex function. We shall prove that the notion 
u 2 can be extended for continuous and 'K-convex functions as a Borel mea- 
sure. We call this measure the 'K-measure associated with u, and we shall show that the 
map u e C(Q.) —> p(u) is weakly continuous on C(f2). 
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Theorem 6.5. Given an 'H-convex function u e C(f2) there exists a unique Borel measure 
fi(u) such that when u e C 2 (Q), 

(6.19) n(u)(E)= f{det , K( M ) + I2u 2 }dz 

Je 

for any Borel set E c Q. Moreover, ifu k e C(Q) are "H-convex, and u k —* u on compact 
subsets ofQ, then (i(u k ) converges weakly to fi(u), that is, 

(6.20) f fdfi(u k )^ f fdfi(u), 

Jn Jn 

for any f e C(Q) with compact support in Q. 

Proof Let u e C(Q.) be "H-convex, and let {u k } c C 2 (Q.) be a sequence of H-convex 
functions converging to u uniformly on compacts of SI. By Proposition 6.2 

f {det<H(u k ) + l2(d t u k ) 2 }dz 
Jn' 

are uniformly bounded, for every Q.' <s Q., and hence a subsequence of (detH^) + 
\2{d t u k ) 2 ) converges weakly in the sense of measures to a Borel measure p,(u) on Q.. We 
now prove that the map u e C(Q.) —> p.{u) e M(Q,), the space of finite Borel measures 
on Q, is well defined. Accordingly, let {v k } c C 2 (Q.) be another sequence of H-convex 
functions converging to u uniformly on compacts of Q. Assume (defH(u k ) + \2{d t u k ) 2 ) 
and (detH(^) + \2{d t v k ) 2 ) converge weakly to Borel measures /u,p' respectively. Let 
B = B R <s Q, and fix o~ £ (0, 1). Let 77 e C 2 (Cl) be an H-convex function such that 77 = 
in Bo-r and 77 = 1 on dB R } From the uniform convergence of {u k \ and {v k \ towards u, given 
s > there exists k £ e N such that 

S £ — 

-- < u k (x) - v k (x) < -, for all x e B and k > k £ . 



Hence 



s 

u k + - < V k + St] 



1 /llfll 4 \ 

§ In the of-ball B R (0), the function r\ can be constructed as follows. If v(£) = - — — ^ I — cr 4 1 and //, 
is the function given by (6.15), then define 77(f) = fh(u, 0) with h sufficiently small. 
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on dB R for k > k £ . Define Q k = e B R : u k + | > v k + £77}. From Theorem 3.1 we have 

f {d&m(u k ) + \2{d t Ukf }dz< f det<H(v k + erf) + I2(d t v k + ed t r]) 2 
Jo. k Ja k 

< f det«Hfe) + \2{d t v k f + e 2 C 
Jb r 

+ sC I (ttace^/ 2 (ut) + |3 t i>t|) 

< f det«Kfe) + 12(^) 2 +e 2 C 

(6.21) +£C f (trace«K 2 fe) + |^| 2 + l) 
and by Proposition 6.2 and Corollary 6.4 the right hand side is bounded by 

f det«HO,) + 12(d f u t ) 2 +eC. 

By definition of Q, k and since 77 = in 5^, it follows that B aR c Q. k and so by (6.21) we 
get 

(6.22) f det«K( Myt ) + 12(« 2 < f det«K(^) + 12(<9^) 2 + eC, 

JBo-n Jb r 

and letting k —> 00, we get /j.(Bo- r ) < n'{B R ) + C s. Hence if e —> and tr^lwe obtain 

fi(B)<v'(B). 

By interchanging {m^} and {^} we get /i = //. 

To prove (6.20), we first claim that it holds when u k e C 2 (Q.). Indeed, let u km be an 
arbitrary subsequence of u k , so u km — > u locally uniformly as m —* 00. By definition of 
//(«), there is a subsequence such that/j (w^.J — > //(") weakly as j — » 00. Therefore, 
given / e C (f2), the sequence J n fdfi(u k ) and an arbitrary subsequence f n f d/j.(u km ), 
there exists a subsequence f n fdfi(u km .) converging to J Q fd/u(u) as 7 —> 00 and (6.20) 
follows. For the general case, given k there exists u k e C 2 (Q.) such that — » u k locally 
uniformly as j —> 00. By definition of fi(u k ), there exists a subsequence u k jm such that 

/i ( M y m ) —* f*(uk) weakly as m —> 00. Let / e C (f2), supp / = I c g O. There exists 
mi < m 2 < • • ■ such that 

|w* (z)-k*(z)| < l/k, for all z 6 Q', 

and 



£fd»(u k jmk )- £fd»(u k ) 



< Uk, 
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for k = 1,2, • • • . Hence v k = u k jm —> u uniformly in Q! as k —> oo, and so from the 
previous claim 

I fd/u(v k )^> I fd/u(u), asfc->oo. 
Jn Jn 

Therefore, 

I fdfj.(u k )- I /<///(ii) < ( fdfj,(u k )- I fdfj,(v k ) + I fdn{v k )- I /dju(w) 
Jn Jn Un Jn I Jn Jn 

<7 + |f fdn{v k )- f fd/u(u) -^0,asfc^oo, 
* I Jo Jn 

and the proof of the theorem is complete. □ 

Corollary 6.6. If u,v e C(Q) are fi-convex in Q, u = v on dQ and u > v in Q, then 
ti(u)(0) < fi(v)(Q). 

6.3. Comparison principle for 'K-measures. 

Theorem 6.7. Let Q c R 3 be an open bounded set. Ifu,ve C(Cl) are IH-convex in Q, 
u < v on dQ. and fi{u){E) > fj.(v)(E)for each E c Q. Borel set, then u < v in Q. 

Proof. Assume e Q., A = diam(Q), s > 0, and u E (x,y, t) = u(x,y, t) + s(x 2 + y 2 - A 2 ). 
We have x 2 + y 2 - A 2 < for (x, y, t) e Cl, so u E < u < v in dQ,. Suppose there exists 
(x ,y ,t ) e Q such that u(x ,y ,t ) > v(x ,y ,t ). Hence the set D = {(x,y, t) e Q : 
u £ (x,y, t) > v(x,y, t)} is non empty for all s sufficiently small. In addition, D n dQ = 0. So 
D c Q and u E = v on 3D. By Corollary 6.6 we get n{u £ ){D) < jx{v){D). On the other hand, 
there exist u k £ C 2 (Q) "K-convex in Q such that u k —* u uniformly on compact subsets of 
Q. Let Uk, e (x, y, t) = u k (x, y,t) + e (x 2 + y 2 - A 2 ). We have from (4.3) that 

I [detHiu^e) + (u Ke ) 2 } dz = I {defK^) + 2s trace H{u k ) + As 2 + (u k ) 2 }dz 
Jd Jd 

> »(u k )(D) + As 2 \D\. 

Letting k -» oo we get from Theorem 6.5 that fi(u E )(D) > fi(u)(D) + As 2 \D\ > n(u){D) 
obtaining a contradiction. □ 
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